In this work, we improve a previous minimalistic tree-grass savanna model by taking into account water availability, in addition to fire, since both factors are known to be important for shaping savanna physiognomies along a climatic gradient. As in our previous models, we consider two nonlinear functions of grass and tree biomasses to respectively take into account grass-fire feedbacks, and the response of trees to fire of a given intensity. The novelty is that rainfall is taken into account in the tree and grass growth functions and in the biomass carrying capacities. Then, we derive a qualitative analysis of the ODE model, showing existence of equilibria, and studying their stability conditions. We also construct a two dimension bifurcation diagram based on rainfall and fire frequency. This led to summarize different scenarios for the model including multi-stabilities that are proven possible. Next, to bring more realism in the model, pulsed fire events are modelled as part of an IDE (Impulsive differential Equations) system analogous to the ODE system. Numerical simulations are provided and we discuss some important ecological outcomes that our ODE and IDE models are able to predict. Notably, the expansion of forest into tree-poor physiognomies (grassland and savanna) is systematically predicted when fire return period increases, especially in mesic and humid climatic areas.
Introduction
Savannas, as broadly defined as systems where tree and grass coexist (Scholes and Archer, 1997) , occupy about 20% of the Earth land surface and are observed in a large range of Mean Annual Precipitation (MAP). In Africa, they particularly occur between 100 mm and 1500 mm (and sometimes more) of total mean annual precipitation (Lehmann et al., 2011; Baudena and Rietkerk, 2013) , that is along a precipitation gradient leading from dense tropical forest to desert. There is widespread evidence that fire and water availability are variables which can exert determinant roles in mixed tree-grass systems (Scholes and Archer, 1997; Van Langevelde et al., 2003; Sankaran et al., 2005; Staver and Levin, 2012; Baudena et al., 2014) . Fires kill aerial parts of seedlings and shrubs while tree parts above the 'flame zone' are little affected (Scholes, 2003) . On the other hand, water availability is considered to be the primary determinant of biomass production and indirectly of vegetation dynamics and structure in savannas (Frost et al., 1986; Sankaran et al., 2005; Abbadie et al., 2006; Bond, 2008) . Moreover, empirical studies showed that vegetation properties such as biomass, leaf area, net primary production, maximal tree height and annual maximum standing crop of grasses vary along gradients of precipitation (Penning de Vries and Djitèye, 1982; Abbadie et al., 2006) . It is widely accepted that water availability directly limits woody vegetation in the driest part of the rainfall gradient (Frost et al., 1986; Sankaran et al., 2005; Bond, 2008) . Along the rest of this gradient, rainfall is known to influence indirectly the fire regime trough what can be referred to as the grass-fire feedback (Higgins et al., 2010; Staver et al., 2011b; Baudena et al., 2014) : grass biomass that grow during rainfall periods is fuel for fires occurring in the dry months. Sufficiently frequent and intense fires are known to prevent or at least delay the development of woody vegetation (Van Wilgen et al., 2004; Bond et al., 2005; Govender et al., 2006) , thereby preventing trees and shrubs to depress grass production through shading. The grass-fire feedback is widely acknowledged in literature as a force able to counteract the asymmetric competition of trees onto grasses, at least for climatic conditions within the savanna biome that enables sufficient grass production during wet months.
Dynamical processes underlying savanna vegetation have been the subject of many models. Some of them explicitly considered the influence of soil water resource on the respective productions of grass and woody vegetation components (Walker et al., 1981; Walker and Noy-Meir, 1982; Rietkerk et al., 2002; Van De Koppel and Rietkerk, 2000; Van Langevelde et al., 2003; D'Odorico et al., 2006; De Michele et al., 2008; Accatino et al., 2010; De Michele et al., 2011; Yu and D'Odorico, 2014) . Most of these models also incorporated the grass-fire positive feedback, several of them distinguishing fire-sensitive small trees and shrubs from non-sensitive large trees (Higgins et al., 2000; Beckage et al., 2009; Baudena et al., 2010; Staver et al., 2011b; Yatat et al., 2014) , while the rest stuck to the simplest formalism featuring just grass and tree state variables (Van Langevelde et al., 2003; D'Odorico et al., 2006; Higgins et al., 2010; Accatino et al., 2010; Beckage et al., 2011; Yu and D'Odorico, 2014; Tchuinté Tamen et al., 2014) . Models featuring the grass-fire feedbacks have shown that physiognomies displaying tree-grass coexistence (i.e. savannas) may be stable (Van Langevelde et al., 2003; D'Odorico et al., 2006; Baudena et al., 2010; Accatino et al., 2010; Yatat et al., 2014; Tchuinté Tamen et al., 2014) as well as more 'trivial' equilibria such as desert, dense forest or open grassland. Some models also predict alternative stable physiognomies under similar rainfall conditions (Accatino et al., 2010; Staver et al., 2011b; Yatat et al., 2014; Tchuinté Tamen et al., 2014) , a feature that is suggested as plausible by remotesensing studies (Favier et al., 2012; Hirota et al., 2011; Cuni-Sanchez et al., 2016) as well as field observations of contrasted mosaics (see Fig. 1 ). However, just a subset of the published models addressed the entire rainfall gradient of the savanna biome (Accatino et al., 2010; Higgins et al., 2010; Baudena et al., 2010; De Michele et al., 2011; Beckage et al., 2011; Yu and D'Odorico, 2014) . The ability to predict all the physiognomies that are suggested by observations as possible stable or multi-stable outcomes was not established but for Accatino et al., 2010 . The need to understand vegetation dynamics over very large territories for which information to calibrate models is scarce makes however desirable simple and robust models. The Accatino et al., 2010 model which built on De Michele et al., 2008 was pioneering in the sense that it allowed these authors to provide a "broad picture", by delimitating stability domains for a variety of possible vegetation equilibria as functions of gradients in rainfall and fire intensity. This result was especially interesting that the considered model was sufficiently simple (two vegetation variables, i.e. grass and tree covers) to provide analytical forecasts. However, results from Accatino et al., 2010 were questionable regarding the role of fire return time. In fact, all over the rainfall gradient their model predicted that decreasing fire frequency would lead to increase in woody cover which contradicts most of empirical knowledge on the subject. The features of the model that led to this problem were barely debated in the ensuing publications. And more recent papers instead either devised more complex models or shift to stochastic modelling (D 'Odorico et al., 2006; Beckage et al., 2011) . Such models did not allow much analytical exploration of their fundamental properties.
On the other hand, criticism against the ODE modelling pertinently argued that fires do not exert a continuous forcing on vegetation through time but rather destroy large shares of biomass through punctual events. Tchuinté showed that the impulsive differential (IDE) framework can provide an interesting trade-off by modelling fires as punctual events albeit preserving the tractability of ODE equations that governs vegetation growth in inter-fire periods. They devised an IDE model that not only acknowledged punctual fires, but also reworked the way in which grass-fire feedback and fire im-pact on trees were modelled. Notably, fire intensity became a sigmoidal function of grass biomass (Tchuinté Tamen et al., 2016; Yatat et al., 2016) , while a decreasing non-linear function of woody biomass was introduced to express fire impact on woody plants. The behavior of this IDE model proved immune to the increasing relationship between fire frequency and woody biomass that crippled earlier modelling efforts . But the relationship between modelling results and rainfall remained indirect through models parameters that changed according to three main climatic zones (arid, mesic, humid) in the savanna biome.
In the present paper, we will explicitly express the growth of both woody and herbaceous vegetation as functions of the mean annual rainfall, with the aim to study model predictions in direct relation to rainfall and fire frequency gradients. We will show that the two-variable ODE framework is not irrelevant per se and that an appropriate formulation of the grass-fire-tree retroaction loop makes it able to provide meaningful predictions while remaining fully analytically tractable. Through simulations, we will also show that the analogous ODE and IDE versions of our model qualitatively agree regarding stability domains, though diverging in several particular aspects. Through the present contribution we aim at proposing a framework for modelling vegetation in the savanna biome, that is both minimal (in terms of state variables and parameters) and generic in the sense that it does not pertain to particular locations . In so doing, we aim to show that our minimalistic tree-grass dynamical model is able to provide at broad scales, a more consistent array of sensible predictions of possible vegetation physiognomies than previous ODE tree-grass frameworks. For instance, to our knowledge, existing models with only two vegetation state variables do not allow to capture the well-known fact that decreasing fire return period never leads to an increase of woody biomass whatever the place along a climatic gradient and especially in mesic and humid climatic conditions. We aim to account for a wide range of physiognomies and dynamical outcomes of the system at both regional and continental scales by relying on a simple model that explicitly address some essential processes that are: (i) limits put by rainfall on vegetation biomass and growth (ii) asymmetric interactions between woody and herbaceous plant life forms, (iii) positive feedback between grass biomass and fire intensity and decreased fire impact with tree height.
Through integration of rainfall in plant growth and carrying capacity, the new IDE model introduced here is an extension of our previous impulsive model ). An idiosyncrasy of our minimalistic tree-grass model is that we considered the fire induced mortality on woody biomass by mean of two independent non-linear functions, namely ω (see (1)) and ϑ (see (2)). Considering these two functions Tchuinté Tamen, 2017) , we showed that the previous model substantially improve previously published results on tree-grass dynamical systems. For example we showed that increasing fire return period systematically leads the system to switches from grassland or savanna to forest (forest encroachment). This result is entirely consistent with field observations (Bond et al., 2005; Bond and Parr, 2010; Favier et al., 2012; Jeffery et al., 2014) . The novelty in the present IDE model is that we combine pulsed fire and rainfall in order to study how the frequency of pulsed fires change the vegetation along a rainfall gradient. Assuming that fires are periodic in time and that growths and carrying capacities of grass and tree vary as nonlinear functions of rainfall, we aim to reproduce the whole set of physiognomies observable along the rainfall gradients leading in Africa from forests to deserts. This paper is organized as follows. Section 2 presents modelling framework of the ODE and IDE models. Section 3 gives the main theoretical results of the ODE and IDE models. In section 4 a 2D-bifurcation diagram in the rainfall-fire frequency space is given and numerical simulations are also provided to discuss some important ecological scenarios. Finally, the paper ends with a conclusion and acknowledgements.
Modelling frameworks: ODE and IDE
The model considers the following assumptions.
(A1) Within the framework of tree-grass interactions, most models used vegetation state variables that corresponded to cover fractions that sum to one or less (De Michele et al., 2008; Baudena et al., 2010; Accatino et al., 2010; Staver et al., 2011b; De Michele et al., 2011; Yu and D'Odorico, 2014) . It implicitly means assuming that vegetation components are mutually exclusive. Many field studies in fact showed that shrub and grass biomasses often exist under a tree crown (e.g., Scholes and Archer, 1997; Abbadie et al., 2006; Moustakas et al., 2013) . In this work as well as in our previous studies (Tchuinté Tamen et al., 2014; Tchuinté Tamen et al., 2016; we use biomasses as state variables since it allows a more straightforward link with field measurements (especially for grasses) and with emerging sources of remotely-sensed data as woody biomass estimates from radar backscattering (Mermoz et al., 2015) .
(A2) The annual productions of grass and trees are assumed to be non-linear and saturating functions of the mean annual precipitation (MAP), here noted W (in millimeter per year, mm.yr −1 ). Following van de , Higgins et al., 2010 and Van Nes et al., 2014 a Monod equation is judged an adequate form to describe relationships between growth and rainfall since it is consistent with empirical data (e.g., Whittaker, 1975, see also fig. 4.6.3, p 191 in Penning de Vries and Djitèye, 1982) . We assume that
annual productions of grass and tree biomasses respectively, where γ G and γ T (in yr −1 ) express maximal growths of grass and tree biomasses respectively, half saturations b G and b T (in mm.yr −1 ) determine how quickly growth increase with water availability.
The estimate value γ G = 2 is obtained using data from Penning de Vries and Djitèye, 1982 (see figure 4.6.3 (a), p 191). The value b G = 501 mm.yr −1 is deduced using data from UNESCO, 1981 (see fig 7, p 599) . γ T = 0.15 and 0.533 are estimated using data from Chidumayo, 1990 and Cesar, 1979 respectively. The value b T = 1192 mm.yr −1 is deduced from Abbadie et al., 2006 . Finding b G < b T is not unrealistic but has been barely mentioned and discussed in literature. Though Scholes and Walker, 1993 (see fig 1. 1, page 3) suggested that grass and tree production may diverge along moisture gradients. Accatino et al., 2010 considered that vegetation growths are linear functions of soil moisture, however, the nonlinear relationship between soil-water and biomass production is widely observed in the field (Mordelet, 1993; Le Roux and Bariac, 1998; Simioni et al., 2003; House et al., 2003) .
(A3) We assume that carrying capacities of grass K G (W) and tree K T (W) are increasing and bounded functions of water availability W. There are empirical data sets (e.g. UNESCO, 1981; Sankaran et al., 2005; Bucini and Hanan, 2007; Staver et al., 2011b; Staver et al., 2011a; Favier et al., 2012; Lewis et al., 2013) which showed that maximum potential tree biomass increases with rainfall. For example, Sankaran et al., 2005 analysed tree cover for 850 field locations in African savannas along a range of increasing rainfall. They found that maximum tree cover increases from 0 to 80% as mean annual precipitation (MAP) increases from ∼ 100 mm to ∼ 650 mm, value above which closed canopy (80% cover) can be observed in the absence of disturbance. Other studies have been done to explain the changes of tree cover against MAP at a continental scale (see Hanan, 2007 and Favier et al., 2012) . Bucini and Hanan, 2007 used MODIS (Moderate Resolution Imaging Spectroradiometer) data and they showed that average tree cover increases asymptotically with rainfall.
From those previous studies, relationship between maximum tree biomass vs. rainfall can be expressed as increasing and saturating functions (see fig 2 (a) in Favier et al., 2012) . To determine the form of K T , we use field plot data from Higgins et al., 2010 and Lewis et al., 2013 (see also Fig. 2 ) and consider that K T might follow a sigmoid function. To fit the data we use the following function
, where c T (in t.ha −1 ) stands for maximum value of the tree biomass carrying capacity, a T (mm −1 yr) controls the steepness of the curve, and d T controls the location where is the inflection point. Note that the function K T is rationally analogue to the Holling type III functional response. We used the nonlinear quantile regression (Koenker and Park, 1996) , as implemented in the "quantreg" library of the R program and we have c T = 498.6 t.ha −1 , d T = 106.7, and a T = 0.0045 mm −1 yr. Concerning the grass biomass standing crop, K G , we used empirical field data from Braun, 1972a and Braun, 1972b (see Fig. 2 and see also UNESCO, 1981 page 599), Cesar, 1979, and Abbadie et al., 2006 , and we consider the following function:
where c G (in t.ha −1 ) denotes the maximum value of the grass biomass carrying capacity, a G (mm −1 yr) controls the steepness of the curve, and d G controls the location where is the inflection point. We have the following values: c G = 17.06 t.ha −1 , d G = 14.73, and a G = 0.0029 mm −1 yr. For the first time to our knowledge we aimed at characterizing the maximal possible woody biomass for both savanna and forest contexts. Menaut and Cesar, 1979; Braun, 1972a; Braun, 1972b (see also UNESCO, 1981 page 599) and Abbadie et al., 2006. (A4) Like in our previous works (Tchuinté Tamen et al., 2014; Tchuinté Tamen et al., 2016; , we assume that the fire intensity noted ω is an increasing and bounded function of the grass biomass given as follows:
where, G in tons per hectare (t.ha −1 ) is grass biomass, α is the value takes by G when fire intensity is half its maximum, and the integer θ determines the steepness of the sigmoid. The nonlinear form of ω is in agreement with recent models of savanna systems such as Staver et al., 2011b (for a Holling type III form) and the works of Tchuinté Tamen et al., 2014; Yatat et al., 2014; Tchuinté Tamen et al., 2016; Yatat et al., 2016; (for generic sigmoidal forms). The parameter α is estimated as α = 1.5 t.ha −1 (see fig 3 in Govender et al., 2006) . In the rest of this article, we set θ = 2.
Accatino et al., 2010 along with other authors assumed that fire intensity increases linearly with fuel load (i.e., grass biomass). But, nonlinear forms (e.g., sigmoidal shape) of fire intensity functions agree with real ecological situations. Although Staver et al., 2011b suggested that the nonlinear response function is a sufficient mechanism to let forest and savanna be alternative stable states, they made some peculiar assumptions (e.g. both saplings and trees die and revert to grass in proportion to their cover). And their model is not able to predict as equilibria the full set of vegetation physiognomies that are observed along the whole climatic gradient, that features desert and wet tropical forest in addition to grassland and savanna. The central issue is that most savanna models (including ecohydrologic ones) are specific to certain climate zones. As a consequence they can account neither for all the physiognomies which are observed nor for all the multiple stable states which can be hypothesized considering the contrasted physiognomies observed under similar climatic conditions.
(A5) Fire-induced tree/shrub mortality, noted ϑ is assumed to be a decreasing, non-linear function of tree biomass. In this paper as in Tchuinté Tamen et al., 2017, we assume that fires affect differently large and small trees since fires with high intensity (flame length > 2m) cause greater mortality of shrubs and topkill of trees while fires of lower intensity (flame length < 2m) kill only shrubs and subshrubs (Trollope et al., 2002; Hoffmann and Solbrig, 2003; . It is evident that tree biomass and height are linked by increasing relationships. Therefore, as in Tchuinté Tamen et al., 2017, ϑ is expressed as follows:
where, T in tons per hectare (t.ha −1 ) stands for tree biomass, λ min f T (in yr −1 ) is minimal loss of tree biomass due to fire in systems with a very large tree biomass, λ max f T (in yr −1 ) is maximal loss of tree/shrub biomass due to fire in open vegetation (e.g. for an isolated woody individual having its crown within the flame zone), p (in t −1 .ha) is proportional to the inverse of biomass suffering an intermediate level of mortality. To parametrize ϑ, we used experimental data from Trollope et al., 2002 on the effects of height on the topkill rate of individual trees and shrubs in the Kruger National Park in South Africa, and in the central highlands of Kenya. We estimated biomass from height using an allometric equation provided by West et al., 2009 stating that at individual tree level, the total above-ground biomass (t/ha) is a power function of height (m) with an exponent of 4. The estimated parameters of ϑ are: λ min f T = 0.05 yr −1 , λ max f T = 0.9 yr −1 and p = 0.03 t −1 .ha. Notice that considered that λ min f T < 0.05 and λ max f T > 0.9.
The above considerations motivate us to introduce a minimalistic eco-hydrological model under the framework of the following set of nonlinear ordinary differential equations :
where,
• G and T (in t.ha −1 ) stand for grass and tree biomasses respectively;
• W (in mm.yr −1 ) is the mean annual precipitation MAP parameter.
• G 0 and T 0 (in t.ha −1 ) are initial conditions of grass and tree biomasses respectively;
• δ G and δ T express respectively the rates of grass and tree biomasses loss by herbivores (grazing and/or browsing) or by human action;
• η T G denotes the asymmetric influence of trees on grass for light (shading) and resources (water, nutrients) which result in competitive or facilitative influences;
• f = 1 τ is the fire frequency, where τ is the fire return period;
• λ f G is the specific loss of grass biomass due to fire.
In savanna ecosystems, it is widely observed that disturbances such as fires act in punctual way such that they consume tree/shrub and grass biomasses over a short lapse of time (House et al., 2003; Scheiter, 2009 ). In our previous works (Tchuinté Tamen et al., 2016; , we proposed a tree-grass savanna model that considers fire occurrence and impact as pulse periodic events through impulsive differential equations (IDE). The IDE framework (Lakshmikantham et al., 1989; Bainov and Simeonov, 1993 ) is more realistic though keeping amenable to in-deep analytical investigations of the models (Tchuinté Tamen et al., 2016; Yatat et al., 2016; . Moreover, we showed that modelling fire as pulse events allow more diverse and interesting outcomes than modelling fire as a time-continuous external forcing. For instance, we showed that approximating fire regime as periodic let analytically investigating the possibility of periodic solutions and various bistabilities. Assuming periodic pulsed fires in system (3), we obtain the following impulsive differential equation:
with the initial conditions
where, τ = 1 f is the period between two consecutive fires and f is the frequency of fire, N τ is a countable number of fire occurrences, t n = nτ , n = 1, 2, ..., N τ , are called moments of impulsive effects of fire, and satisfy 0 ≤ t 1 < t 2 < ... < t Nτ , G(t + n ) and T (t + n ) are grass and tree biomasses instantly after an impulsive fire. Remark 2.1 (i) It is important to note that the impulsive differential system (4) completes our previous IDE model developed and studied in Tchuinté Tamen et al., 2017. The novelty is that, here we consider that annual productions and carrying capacities of grass and tree biomasses vary according to the mean annual precipitation W while in Tchuinté Tamen et al., 2017, they were assumed to be constant. Indeed, as mentioned in assumptions (A2) and (A3), there are empirical data sets which support the evidence of relationships between rainfall and annual productions and carrying capacities of grass and tree biomasses respectively (e.g., for biomass productions see Whittaker, 1975 (ii) Since system (4) and the model developed and studied in Tchuinté Tamen et al., 2017 are almost similar, the readers are referred to appendices in Tchuinté Tamen et al., 2017 for the proofs of theoretical results. Accordingly, the demonstrations are deduced by replacing the constant parameters of productions (γ G and γ T ) and carrying capacities (K G and K T ) by non-linear, increasing and bounded functions of MAP (W) as given above in (A2) and (A3) respectively. However, the ODE model (3) is proposed and studied here for the first time.
3 Analytical results
The ODE model
The right-hand side of system (3) is C 1 i.e., continuously differentiable. Then, from the CauchyLipschitz theorem, system (3) has a unique maximal solution. In the ecological point of view, since the variables of system (3) represent the biomasses, each variable must stay positive and must be bounded during the time evolution (i.e., the system is said to be biologically well-behaved). Note that a solution with initial conditions in R 2 + stays in R 2 + since it can not cut the y-axis (vertical null line) and the x-axis (horizontal null line). Set
It is easy to verify that the sub-set Γ is positively invariant and attracting with respect to system (3). It means that all trajectories of system (3) that start in Γ remain positive and they do not tend to infinity with increasing time.
and
System (3) has the following trivial equilibria:
• a bare soil equilibrium E 0 = (0, 0).
• a forest equilibrium E F = (0, T * ) which exists when R 1 W > 1.
• a grassland equilibrium E G = (G * , 0) which exists when R 2 W > 1.
Let us set:
, where G * is given by (8).
The existence of the positive savanna equilibrium is given in theorem 3.1.
Theorem 3.1 (Existence of the savanna equilibrium) Table 1 summarizes the conditions of existence the savanna equilibrium. 
Proof: See appendix A, page 27. We now study the stability of the previous equilibria. Concerning the stability of the trivial equilibria E 0 , E G , and E F , theorem 3.2 holds. Set
Straightforward computations lead to the following theorem:
Theorem 3.2 (Stability of trivial equilibria)
(1) The desert equilibrium E 0 = (0, 0) is locally asymptotically stable (LAS) when R 1 W < 1 and R 2 W < 1.
(2) The grassland equilibrium E G = (G * , 0) is LAS when R G < 1.
(3) The forest equilibrium E F = (0, T * ) is LAS when R F < 1.
Remark 3.1 It is to be noted that the existence of E F or E G destabilizes the desert equilibrium
Concerning the stability of the savanna equilibrium, the following theorem holds:
Theorem 3.3 (Stability of the savanna equilibrium) The savanna equilibrium E S = (G * , T * ) is locally asymptotically stable if and only if R 1 * < 1 and R 2 * > 1.
Proof: See appendix B, page 30.
Remark 3.2 Ecological meaning of some thresholds of model (3) are given below:
is the primary production of tree biomass relative to tree biomass loss by herbivory (browsing) or human action.
: represents the primary production of grass biomass relative to fire-induced biomass loss and additional loss due to herbivory (grazing) or human action.
: denotes the primary production of grass biomass, relative to fireinduced grass biomass loss and additional loss due to tree/grass interactions and to herbivory (grazing) or human action at the close forest equilibrium.
: is the primary production of tree biomass relative to fire-induced biomass loss at the grassland equilibrium and additional loss due to herbivory (browsing) or human action.
The long-term behavior of system (3) is summarizes in Table 2 . The dynamic can change according to the previous thresholds. Table 2 : Long term dynamic of the deterministic system (3)
In Tables 2 and 3 , the notation 'ND' stands for undefined and 'NN' denotes not necessary. It means that the threshold may take any value.
The IDE model
According to the theory of impulsive differential equation (e.g. Bainov and Simeonov, 1995, Theorem 1.1, page 3), system (4)-(5) has a unique positive solution. It is straightforward to show that the compact subset Γ is positively invariant and attracting by (4). It guarantees that model (4) is well-posed mathematically and ecologically realistic.
Providing (4) is similar to the model developed and studied in Tchuinté Tamen et al., 2017. Thus, the demonstrations of results are the same and therefore are omitted here. Below some qualitative results of system (4) are given. There are two constant equilibria and two periodic solutions. As in subsection 3.1, the desert equilibrium E 0 = (0, 0) always exists and there is a forest equilibrium E F = (0, T * ), when R 1 W > 1, where
Concerning the existence of the periodic grassland solution, let us set:
The following theorem holds:
Theorem 3.4 (Existence of the periodic grassland solution) When RḠ 0,pulse > 1, system (4) has a periodic grassland solution E G,per = (Ḡ per (t), 0), where RḠ 0,pulse andḠ per (t) are given by (14) and (15) By employing the continuation theorem of the coincidence degree theory (Gaines and Mawhin, 1977, p 40) , one can establish the existence of at least one positive periodic savanna solution of system (4). Set
, and
where RḠ 0,pulse is given by (14) and T * s is the positive solution of (20)
Similarly as in Tchuinté Tamen et al., 2017 (see Theorem 3.2, p 270), we claim the following result. 
If (C1), (C2) and (C3) hold, then system (4) has at least one positive periodic savanna solution
Proof: Proof is entirely similar as the proof of Theorem 3.2 in Tchuinté Tamen et al., 2017 (see Appendix A, p 281) and is thus omitted.
We will now examine the stability of the constant equilibria and the periodic solutions of (4). Set
where T * andR 2 W are given by (12) and (16) respectively. Concerning the stability of constant equilibria, we show Theorems 3.6 and 3.7.
Theorem 3.6 (Stability of the desert equilibrium).
(ii) If R 1 W > 1 or RḠ 0,pulse > 1, then the desert equilibrium is unstable.
(iii) If R 1 W < 1,R 2 W > 1, and RḠ 0,pulse < 1, then the desert equilibrium is LAS.
Theorem 3.7 (Stability of the forest equilibrium).
Proof: The proofs of Theorems 3.6 and 3.7 are similar to the proof of Theorem 3.3 given in Tchuinté Tamen et al., 2017 (see Appendix B, page 25).
The local stability of the periodic solutions are obtained by computing the Floquet multipliers of the monodromy matrix of (4). Set (G per (t), T per (t)) a periodic solution of (4). Consider the behaviors of small perturbations of solutions u(t) = G(t) − G per (t) and v(t) = T (t) − T per (t). The linearized system is given by:
where Φ(t) is a fundamental matrix which satisfies
where, I 2 is the identity matrix of M 2 (R),
Concerning the stability of the periodic grassland and the periodic savanna solutions, let us set
where,Ḡ per (τ ) is the grass biomass at the periodic grassland solution when t = τ (see (15)),
, where G * per (τ ) and T * per (τ ) are grass biomass and tree biomass at the periodic savanna solution when t = τ . We show the following results. (i) If R * S,pulse > 1 and R * * S,pulse > 1, then the periodic savanna solution E S,per = (G * per (t), T * per (t)) is LAS.
(ii) If R * S,pulse < 1 or R * * S,pulse < 1, then E S,per is unstable.
Proof: The proof of Theorem 3.9 is similar to the proof of Theorem 3.5 given in Tchuinté Tamen et al., 2017 (see Appendix D, page 27).
Based on the previous results, we summarize the long-term behaviors of system (4) in Table 3 . Table 3 : Long term dynamic of the semi-discrete system (4) 
Numerical simulations and discussion
Like in our previous works (Tchuinté Tamen et al., 2014; we use the nonstandard finite difference (NSFD) scheme to solve systems (3) and (4) numerically and provide simulations that strictly comply with the properties of the systems. The nonstandard approach has shown to be very effective to solve dynamical systems in biosciences (see for instance Anguelov et al., 2012 and references therein) . Parameter values used for numerical simulations are given in Table 4 . 
Bifurcation map
A bifurcation is a qualitative change of the behaviors of the system when some parameters cross particular values. Following Accatino et al., 2010, we use a graphical Matlab toolbox (MATLAB) called Matcont to build the bifurcation diagrams of our model. Matcont is a useful software which allows computing numerical continuation of equilibria, limit points, Hopf points, branch points of equilibria, limit cycles, fold, flip, torus and branch point bifurcation points of limit cycles, and homoclinic orbits of dynamical systems. It is freely available online according to http://www.matcont.ugent.be/. One can use Matcont to compute a codimension 1 (i.e., one control parameter) or codimension 2 bifurcations. Here, we perform a bifurcation diagram of codimension 2 in the environmental space defined by the mean annual precipitation (MAP) W and fire frequency f (see Fig. 3 ). The readers can refer to Dhooge et al., 2003; Dhooge et al., 2006; Govaerts et al., 2007 and references therein for more details and examples on numerical methods for two-parameter bifurcation analysis in Matcont. See Appendix C, page 32 for a condensed overview of explanations of how model (3) is implemented into MatCont. The bifurcation diagram of model (3) is provided in Fig. 3 -(b) in the two dimensional parameter space (f vs. W) using Matcont. Depending on those parameters, the system involves both monostable and multi-stable situations. Once a bifurcation point in the parameter space (see e.g., cusp points represented by circles) is found, Matcont produces the entire bifurcation curve passing through that point. Blue curves which partition the parameter space into subregions are bifurcation curves. Trajectories starting in the same subregion have qualitatively the same dynamics. It is also important to note that when the mean annual precipitation (MAP) increases, we logically observe a gradual increase of tree biomass for any given level of f . For instance in Fig. 3-(b) , considering low values of f (say < 0.3) the savanna cede pace to forest as W increases. On the other hand, several scenarios are possible when the fire frequency increases depending on the range of W values. Fig.  3-(a) shows the complete dynamics of the Accatino et al., 2010 model and Fig. 3-(b) shows the complete long term dynamics of system (3) in specified (rainfall, fire frequency) parameter ranges. There are two main observations: (i) Fig. 3-(b) shows a bistability between grassland and savanna (see also Fig. 4-(b) for an illustration) and a tristability between forest, savanna and grassland (see also Fig. 5 -(a)) while these subregions do not exist in Fig. 3-(a) ; (ii) in Fig. 3-(a) , when fire frequency decreases the system does not favor tree expansion whatever the context (semi-arid, mesic and humid), while an opposite trend is observed in Fig. 3-(b) . For instance in Fig. 3-(a) between ca. 600-1200 mm.yr −1 the Accatino et al., 2010 system can shift from a bistability between forest and savanna (see the subregion (7)) to a monostability of savanna (see the subregion (3a)). Moreover above ca. 1200 mm.yr −1 their system can shifts from forest (see the subregion (5)) to savanna woodland (see the subregion (3b)). On the contrary, in Fig. 3-(b) , decreasing the fire frequency favors the tree expansion whatever the climatic context. This is in agreement with what is observed in the field as suggested by several empirical studies (Mitchard et al., 2009; Bond and Parr, 2010; Favier et al., 2012; Mitchard and Flintrop, 2013 for a review). For instance in Fig. 3-(b) , between ca. 600 − −1200 mm.yr −1 model (3) predicts three scenarios: In scenario 1 the system can shift from grassland to savanna, in scenario 2 the system can shift from grassland to monostability of a savanna woodland passing through a bistability between grassland and savanna (see also Fig. 4 for trajectories illustrating this transition). In scenario 3, the system can shift from a bistability between forest and grassland to forest passing through a tristability between forest, savanna and grassland and a bistability between forest and savanna (see also Fig. 5 for an illustration of this transition). Above ca. 1200 mm.yr −1 the system can shift from a bistability between forest and grassland to a monostability of forest.
Illustrations and discussion
Throughout this subsection, the simulations provided with our minimalistic ODE model (3) and IDE model (4) show the well-known fact that increasing fire return period systematically implies an increase in woody biomass. This is pivotal when one describes the tree-grass dynamics in fire-prone savanna ecosystems (Bond et al., 2005; Bond and Parr, 2010; Mitchard and Flintrop (2013) ). As far as we know, it is a completely new feature for 'minimalistic' tree-grass ODE models, that has not been reported in previous models with only two state variables.
Though the model aims to be qualitatively relevant for a large swath of African situation, we ground our simulations in a selected north-south gradient located at the 16°E of longitude, and between ca. 6 and 10°N of latitude (i.e., between ca. 900 to 1500 mm.yr −1 of MAP). The area goes from the Adamawa region to the Centre region in Cameroon and it spans the main vegetation physiognomies of Central Africa. Using longitude and latitude data, the MAP data were extracted from BIO12 (http://www.worldclim.org/bioclim, see also Hijmans et al., 2005) using the "raster" package of RStudio, version 1.1.383. In Fig. 4 , a decrease in the fire frequency f from 0.7 to 0.51, then to 0.4, leads the ODE system to shift from grassland state to a savanna-grassland bistable state, and then to a savanna woodland state under a constant W (MAP) of ca. 950 mm.yr −1 . 5 illustrates a bifurcation from a forest-savanna-grassland tristable state to a forest state passing through a forest-savanna bistable state, for a constant MAP W of ca. 1000 mm.yr −1 under a decrease of fire frequency f . Domains of stability for grassland, savanna and forest are in red, blue and green, respectively. Forest expansion has been regularly observed at local and regional scales when the fire frequency decreases (see Mitchard and Flintrop, 2013 for a review).
With the MAP values chosen for Fig. 4 and Fig. 5 , we aimed to document the critical parameter space area where the multi-stability between the main vegetation physiognomies occur. It is indeed a stretch of the rainfall gradient where notable differences in biomasses are observed in relation to variations in fire frequencies (see Fig. 6 ). Figure 7: Zoom in the outcomes of models (3) and (4) evaluated along gradients of MAP (W) and fire frequency f . The red, blue and green dots stand for grassland, savanna and forest respectively. The magenta and blue circles stand for bistability between forest and grassland, and bistability between savanna and grassland respectively. The black and green circles stand for bistability between forest and savanna; and monostability of the woody savanna respectively. The symbol of the cross denotes the tristability situation. (Color in the online version). Fig. 7 shows the model outputs for system (4) depending on fire frequency and mean annual precipitation. It is an analogue pulsed version of the bifurcation diagram given in Fig. 3 . Fig. 7-(a) is a zoom of the bifurcation diagram given in Fig. 3-(b) for (f, W) ∈ [0, 0.6] × [900, 1200] and Fig.  7-(b) is the analogous IDE version of Fig. 7-(a) . Indeed Figs. 7-(a) and (b) qualitatively show the same model outcomes, but it seems that the transversal bifurcation curve of Fig. 3-(b) (see the blue line linking the empty and bold squares) shifts down with the IDE analogue. It means that at the same level of precipitation using the IDE model (4), bifurcations are predicted at lower fire frequencies than with the ODE model (3) (see for example Figs. 4 and 8) . It implies that for a given level of precipitations preserving the forest-grassland bistability would necessitate a smaller fire frequency according to the IDE model than with the ODE model. Both Figs. 8 and 4 plotted respectively for the IDE model (4) and ODE model (3) show qualitatively similar behaviors corresponding to a decrease in fire frequency for constant rainfall. In Fig. 8 , when f decreases, the system shifts from a monostable periodic grassland (see panel (a)) to a monostable periodic savanna (see panel (c)) passing through a bistability between periodic savanna and periodic grassland solutions (see panel (b)). 9 shows a bifurcation due to f using the IDE model (4). It illustrates the expansion of forest into savanna and grassland when f decreases. For f = 0.56, panel (a) in Fig. 9 shows a bistability associating forest and a periodic grassland (having a big basin of attraction). When f decreases from 0.56 to 0.5 the system bifurcates to a tristability between forest and two periodic solutions: savanna and grassland (see panel (b) in Fig. 9 ). Further decrease of f from 0.5 to 0.4 leads the system to bifurcate to a bistability associating forest and a periodic grassland solution with a small basin of attraction (see panel (c) in Fig. 9 ). In Fig. 11 , when the MAP W increases in presence of a higher fire frequency (compared to Fig.  10) , the system bifurcates from a periodic grassland solution (see panel (a)) to a bistability between forest and a periodic grassland solution (see panel (c)) passing through a tristability associating forest, periodic savanna and grassland solutions (see panel (b)).
In the literature most tree-grass dynamical systems based on differential equations were analysed focusing on the stable vegetation states, but never on the trajectories. This has been criticized recently by who compared two modelling approaches of tree-grass savanna dynamics they used and that differ in several aspects, notably with respect to the way in which fire is modelled. The first modelling approach which is referred to equilibrium model (EM) considers fire occurrence as a constant parameter, whereas the second modelling approach which is referred as non-equilibrium model (NEM) considers fire occurrence as a stochastic event whose probability depends on the amount of dry grass biomass which is built-up in the preceding rainy seasons. According to , one fundamental difference between EM and NEM resides in how their two models can be analysed. While EM analyses are focused on steady states, NEM analyses also extent to trajectories. Indeed, the Accatino and De Michele, 2016 study shows that their EM modelling has some limitations concerning predictions of woody cover variation along a rainfall gradient, while several aspects simultaneously contribute to more satisfactory results obtained with NEM. Here, we have illustrated the fact that predictions that are qualitatively satisfactory can be obtained by directly improving the ODE based 'EM' framework, notably regarding the fire induced mortality on woody biomass expressed through two independent non-linear functions ω(G) (see (1)) and ϑ(T ) (see (2)). Nonlinear shape of ω(G) was also retained by some other authors Higgins et al., 2010; Staver et al., 2011b; Van Nes et al., 2014; Yu and D'Odorico, 2014) to model the fire mediated feedback of grass onto tree dynamics. The function ϑ(T ) was introduced in our previous tree-grass model ) to take into account the response of trees to fires of a given intensity. With our ODE based 'EM' framework, we illustrated how stable vegetation equilibria varied in function of MAP and fire frequency (see Fig. 7-(a) ), and for five values of f : 0.1, 0.2, 0.3, 0.4 and 0.5, we also illustrated the long-term trajectories expected for tree and grass biomasses at the equilibrium for different levels along a rainfall gradient (see Fig. 6 ). The analysis of these trajectories would be meaningful per se.
Most savanna fires burn due to human ignition (Favier et al., 2004; Govender et al., 2006; Archibald et al., 2009 ), but it is believed that these systems are seldom ignition limited, and more often limited by available fuel (Archibald et al., 2010; van Leeuwen et al., 2014) . underlined the questionable assumption according to which the parameter f of fire frequency should be independent of vegetation characteristics. According to , fire frequency should be considered an emergent property of the dynamical system. This is in contrast with many EM which consider fire as a priori determined and constant parameter. Here, in our ODE based EM framework, fire frequency f is kept as constant multiplier of ω(G) (non-linear and bounded function of grass biomass, see (1)), but we interpret it as a man-induced "targeted" fire frequency (as for instance in a fire management plan), which will not translate into actual frequency of fires of notable impact (because of ω(G) being in its low branch) as long as grass biomass if not of sufficient quantity. We thereby split fire frequency from fire impact. This modelling choice is based on the known fact that grass biomass controls fire spread (Govender et al., 2006; van Leeuwen et al., 2014) . The ω(G) function is also expected to take into account the difficult spreading of fire due to fuel of average low quantity keeping in mind natural spatial variability of grass biomass. Low grassy fuel results in lower-fire intensities that barely propagate leaving a large share of the area unburnt, as frequently observed in the field (see Diouf et al., 2012) . This makes the difference between: (i) fire frequency f to be seen as an external forcing upon the tree-grass system (think about a targeted fire regime in a managed area such as a ranch or a national park); and (ii) actual yearly fire probability (or frequency) of occurrence in any arbitrary piece of land when (i) has been set. Moreover, relationship between the proportion of the area burnt and grass abundance is likely to be sharply nonlinear, as suggested by the impressive results reported by McNaughton, 1992 at the scale of the entire Serengeti National Park (Tanzania). According to McNaughton, 1992 , herbivory can produce extensive firebreaks creating a landscape mosaic which drastically limits fire spreading. Local fire frequency dwindled over a decade following grass biomass suppression by soaring herbivore populations, while the ignition regime by communities dwelling around the park likely remained more or less the same (McNaughton, 1992) .
Using a very simple ODE model, Staver et al., 2011b concluded that fire cannot influence vegetation but for MAP above 1000 mm.yr −1 . Referring to a more complicated simulation "gap" model, Lehsten et al., 2016 reached results that suggest significant fire influence from 400 mm MAP upwards. Experimental data from the Kruger National Park (Govender et al., 2006; Lehsten et al., 2016) suggest notable fire influence below 700 mm.yr −1 . In Fig. 6 we reach the conclusion that fire frequency considerably change the expected biomasses for MAP values under 1000 mm.yr −1 , while our Fig. 3 suggests that fire may be able to contribute to the savanna vs. grassland bifurcation for MAP values in the range 500 − 1000 mm.yr −1
Conclusion
Here, we have developed and presented a 'minimalistic' tree-grass model that considers interactions of fire and water availability in tree-grass ecosystems. Our model integrates the mean annual precipitation (MAP) as a parameter which shapes growth rates and carrying capacities of tree and grass biomasses. It is to our best knowledge the first time that consistent responses curves (Fig.  2) are assessed from existing information all along the rainfall gradient. The ODE version of the model is fully mathematically tractable as are most of the results relating to the IDE analogue. Compared to Tchuinté Tamen et al., 2017, the novelty in the present contribution is that we combine pulsed fire and precipitation-explicit vegetation growth in order to study how the frequency of pulsed fires shapes the vegetation along the rainfall gradient. Both ODE and IDE versions differ fundamentally from existing tree-grass models in the literature in the way that water availability is considered. Some existing models considered additional soil moisture variables (e.g., Accatino et al., 2010; Yu and D'Odorico, 2014) leading to more complex set of parameters and more complex mathematical systems. But, there is no need of an additional equation about soil moisture since its dynamic is very rapid compared to change in vegetation (fast and slow variables) (Barbier et al., 2008; Martínez-García et al., 2013) . According to our bifurcation diagram (see Fig. 3-(b) ), we were able to account for a wide range of physiognomies and dynamical outcomes of the tree-grass system at regional-continental scales by relying on a simple model that explicitly address some essential processes that are: (i) limits put by rainfall on vegetation growth and standing biomass (ii) asymmetric interactions between woody and herbaceous plant life forms, (iii) positive feedback between grass biomass and fire intensity and decreased fire impact with tree height (in fact cumulated woody biomass in the model). For tree-grass ODE frameworks, two very general bifurcation diagrams ('big pictures') were produced to predict the vegetation dynamics in the parameters space defined by rainfall and fire frequency: Fig. 3-(a) from Accatino et al., 2010 and Fig. 3-(b) from our model (3). Fig. 3-(b) improves the results found in Fig. 3 -(a) since it predicts more diverse possible situations. For instance it shows a domain where grassland and savanna are bistable and a domain where forest, savanna and grassland are tristable. These vegetation outcomes agree with results found by remotely-sensed studies (Hirota et al., 2011; Favier et al., 2012) . Along a general transect over Central Africa, according to Favier et al., 2012 (Figure 2 -(e)), there is a bistability associating sparsely wooded savanna and grassland at ca. 800 mm.yr −1 and tristability is observed very locally around latitude of 7 − 10°N (north) (i.e., between ca. 1031 and 1475 mm.yr −1 of MAP).
Under its impulsive form, model (4) presented here is an extension of our previous IDE model where we already considered the fire induced mortality on woody biomass by mean of two independent non-linear functions, namely ω (see 1) and ϑ (see 2; Tchuinté Tchuinté Tamen, 2017) . In the present paper we showed that the introduction of these two functions was in fact decisive since even the ODE version of the model proved able to provide sensible results. Notably, we showed that increasing fire return period systematically leads the system to switch from grassland or savanna to forest (forest encroachment). This result is entirely consistent with field observations (Bond et al., 2005; Bond and Parr, 2010; Favier et al., 2012; Jeffery et al., 2014) . But to our knowledge, it is not established that any other model with only two-state variables is able to retrieve this fundamental behavior. Some more complex models may also fail to display the right behavior in some particular ecological contexts. This should be considered as benchmarking test for existing models.
From (33), introducing the expression of ω(G), we have Denote by H 2 the derivative of H 1 . We have H 2 (G * ) = 6c − λ(α 3 G 2 * + 6α 2 G * + 6α)e αG * and
We have H ′ 2 (G * ) = −λ(α 4 G 2 * + 8α 3 G * + 12α)e αG * < 0. It implies that H 2 decreases. 1. If H(Ḡ * 7 ) < 0, then there is no plausible savanna equilibrium. 2. If H(Ḡ * 7 ) > 0 and a > b, then there exists a unique savanna equilibriumĒ * * * = (Ḡ * * * ,T * * * ) such thatḠ * * * ∈]Ḡ * 7 , G * [.
3
. If H(Ḡ * 7 ) > 0 and a < b, then there are two savanna equilibria:Ē 1 * * * = (Ḡ 1 * * * ,T 1 * * * ) andĒ 2 * * * = (Ḡ 2 * * * ,T 2 * * * ) such thatḠ 1 * * * ∈]0,Ḡ * 7 [ andḠ 2 * * * ∈]Ḡ * 7 , G * [. b) If H ′ (Ḡ * 5 ) < 0 and H ′ (Ḡ * 6 ) > 0, then using (39) and the intermediate value theorem there areḠ * 8 ∈]0,Ḡ * 5 [ andḠ * 9 ∈]Ḡ * 6 , +∞[ such that H ′ (Ḡ * 8 ) = 0 = H ′ (Ḡ * 9 ). Therefore, using (38) and the intermediate value theorem we have:
1. If H(Ḡ * 8 ) > 0 and a < b, then there exist two savanna equilibria:Ē 1 * * * * = (Ḡ 1 * * * * ,T 1 * * * * ) andĒ 2 * * * * = (Ḡ 2 * * * * ,T 2 * * * * ) such thatḠ 1 * * * * ∈]0,Ḡ * 8 [ andḠ 2 * * * * ∈ ]Ḡ * 9 , G * [. 2. If (H(Ḡ * 8 ) > 0 and a > b) or (H(Ḡ * 8 ) < 0, a < b, and H(Ḡ * 9 ) > 0), then there is a unique savanna equilibriumĒ * * * * = (Ḡ * * * * ,T * * * * ) such thatḠ * * * * ∈]Ḡ * 9 , G * [. 3. If H(Ḡ * 8 ) < 0, a < b, and H(Ḡ * 9 ) < 0, then there is no plausible savanna equilibrium. 4. If H(Ḡ * 8 ) < 0, a > b, and H(Ḡ * 9 ) < 0, then there is a unique savanna equilibriumĒ * * * * * = (Ḡ * * * * * ,T * * * * * ) such thatḠ * * * * * ∈]0,Ḡ * 8 [. 5. If H(Ḡ * 8 ) < 0, a > b, and H(Ḡ * 9 ) > 0, there are three savanna equilibria: E 1 * * * * * = (Ḡ 1 * * * * * ,T 1 * * * * * ),Ē 2 * * * * * = (Ḡ 2 * * * * ,T 2 * * * * * ), andĒ 3 * * * * * = (Ḡ 3 * * * * ,T 3 * * * * * ) such thatḠ 1 * * * * * ∈]0,Ḡ * 8 [,Ḡ 2 * * * * ∈]Ḡ * 8 ,Ḡ * 9 [, andḠ 3 * * * * ∈]Ḡ * 9 , G * [. c) If H ′ (Ḡ * 5 ) < 0 and H ′ (Ḡ * 6 ) < 0, then using (39) and the intermediate value theorem there existsḠ * 10 ∈]0, G * 5 [ such that H ′ (Ḡ * 10 ) = 0. Using (38) and the intermediate value theorem we have:
1. If H(Ḡ * 10 ) < 0, then there is no plausible savanna equilibrium. Appendix B: Proof of Theorem 3.3 (Stability of the savanna equilibrium)
From (??), the Jacobian matrix at the savanna equilibrium E * = (G * , T * ) is given by select the last point of the last orbit that corresponds to the equilibrium of the current parameter settings. Now one can use the steady states found to draw the curve of the equilibrium as a function of one parameter.
• In step four, choose Equilibrium in the Initial point item of Select Type. Note that the Starter window changes and now contains the values of the last point of the orbit. One can now select the parameter over which to continue the equilibrium. Here, choose the fire frequency f .
• In step five, open a new 2Dplot window and draw the equilibrium curve over f. Compute both forward and backward to have the full equilibrium curve. Matcont indicates "LP (1)", "BP (1)" for forward and "LP (2)" and "BP (2)" for backward. Note that BP means "Branch point", which is the same thing as a transcritical bifurcation and LP means "Limit point", which refers to a saddle-node bifurcation.
• In step six, one can now continue the LP and BP bifurcations through the W−f parameter space. That is draw the location of bifurcation as a function of two parameters. Then select for example the first LP point via Select and via Initial point. The new Stater window appears, in which one should keep parameters W and f active. Computing both forward and backward, MatCont detects three cusp points "CP" labelled by the small empty circles in Fig.  3-(b) . Each CP point means that there is an equilibrium point with a zero eigenvalue, which corresponds to the centre type point in the theory of bifurcations. Now select the first BP point. The forward computing draws the curve from the bottom CP point to the full square and the backward computing draws the curve from the same CP point to the empty square (see Fig. 3-(b) ). Notice that the second BP point can not be continued since there is an equilibrium which has positive eigenvalues, which means that it can not converge.
